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The present paper Is an outgrowth of [l and 21 In the parts concerning the 
Integration of the equations determining the coordinates of an object moving 
over the Earth's globe. 

1, The problem of the autonomous determination of the coordinates of an 
object moving over the surface of the Earth may Se solved bydlfferentmethods. 

Two versions of Inertial systems are considered In [l and 21. In both 
these versions, the problem of Integrating a system of nonlinear differential 
equations of the form 

(U +-X')coscpsin6--cp'cos6 =or(t), (U $. A') COscpcosf3 +cp'sinfi = coy (t) 

(U 9 A') sincp + 6'= o,(t) (1.1) 

Is Imposed on some computer unit. 

Here tu,, UJ,, UJ, should be considered known functions of t . 
Let us keep In mind the second of the above-mentioned versions of the 

Inertial system which consists of a space gyrocompass, a directional gyro- 
scope and an Integrator [2]. In this case, as has been shown in [2 and 31, 
we can always consider +=O, and we then have from (1.1) 

cp '=coysin6, 6'=0,- O,,COS6~cp, h'=-U+UOvcos6secp 

6= tan-' 
UN 

RUcoscpf vE (1.2) 

The notation In (1.2) Is the same as In [2 and 33. Let us rec;!llih;;ev 
and 1 are the present latitude and lcngltude of the position; 
present value of the velocity deviation of the gyro-horizon compass. Here 
vN and 'vE are the northerly and easterly components, respectively, of the 
object's velocity relative to the Earth. In the system under consideration 
the velocity correction to the compass Is produced autonomously. 

The method of successive approximations In some form or other Is cus- 
tom%lly used In Investigations of systems of the type (1.1). For example, 
representing the first two equations of (1.2) as a system of Integral equa- 
tions we obtaln 
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t t t 

cp=cp(O)+Se,(r)sin8(s)dr. 
0 

6=6(O) +So,(ddr-S.,(r)cosB(r)~~(~~~ 
o 0 

Here cp (0) and 6 (0) are the lnltlal values of the latitude of the posl- 
tlon and of the velocity deviation. 

Accordi= to the,method of successive approximations we can assume 

t t 
I = (p(O) + s oy (z) sinb(n-1) (z) dz, I = I - S Oy (r) COS It(n-l) (‘) ,(p(n-l) (‘) do 

n cl 

(2.2) 

Use of this method on.the system (2.1) la known to be Inconvenient, in 
that the actual realization of the auadratures Is raDldlv made comollcated 
as the approximations are evaluated. Moreover, 
of variation of t within which the solution of 
obtained by the Plckard method should be established. 

3. Let us assume ln (1.1) 

h+ ut=q,, va a-l - cp = 0 (3.1) 

and let 6 be denoted by (O~ . We then arrive at equations of the form 

$’ sin 6 sin (pe+O’ cos ‘pe= OX, q sin 0 cos qe-8’sin ‘p0 = oy, 9,’ cos 8 + (p’o=oz (3.2) 

!Che system (3.2) has the structure of the Ruler kinematic equations In 
the variables +, e and 
(1.1) for given u,, u), a3 I;, 

Hence, the problem of Integrating the system 
Is equivalent to.the classlcal problem of 

determining the position of a solid body by means of Its angular velocity. 
In the general case this problem which reduces to the Rlccatl equation, 
does not reduce to quadratures [4]. Putting u)~= 0 ln (3.2) and, moreover, 

TI = sin ‘p. sin 0, ra - cos ‘p. sin 0, T* - cos 0 (3.3) 

we obtain the Poisson equation [5] In the variables y,, ya, ys 

rl’ = @,Ts - or&l, Ts’ = - OzTlt Ts’ = avr1 (3.4) 

The Rodrlgue-Hamilton equations for the case under conslderatlon will be 
2h,’ = - cd& - o,n,, 2k,’ = CO& - U,h, (3.5) 
2h*’ = o,h, - oz?Q, 2h,’ = o,ko + o,?q 

a,= cos~cos 9 9 a 1= sin$cos’+ (3.6) 

I, = sin $ sin B * 
8 

X, = cos - sin 9-b cp, 
2 2 2 

In which the parameters X, satisfy the condition [4] 

A,’ -+ I.,’ + ass + n) = i (3.7) 

Let us represent (3.4) and (3.5) as equivalent systems of integral equa- 
tions 

t 

rs- Ts (0) - S az~r h* 

t 

rl=rl (‘W (~,~,-c+,rs) d’F* 
s 

~a= Ta (0) f Sc’vTl dr (3.W 

0 0 0 
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510 = lo (0) - $ i (a+,?~., + m+iL,) dz, A, = hi(o) + -5 i (e,ha - ovha) dz 
0 0 (3.9) 

ha = h, (0) t_ $ i (o,h, - O&J dz, ha = ia (0) + + i &ho + y,U dz 
0 0 

Here, the y, (0) are initial values of the variables -{, , X, (0) are the 
initalal values of the Rodrigue-Ramllton parameters. Because of the linear- 
ity of the systems (3.8) and (3.9), their symmetry and the absence of trlgo- 
nometrlc functions of the unknowns, successive approxlmatlons are more effec- 
tive here for the sys$em (1.1). In a first approximation we have from (3.8) 
snd (3.9) 

&fl) Z “II (0) + T%(O) 0, (6 - r!j (0) Q, (G 

Tr(l’ a Ta (0) - 71(O) Q, (t) 
( 
Qv, J (Q = .i WY, * (r) dz) (3.10) 

Ye(l) = Ts (0) % 71(O) Q, 0) 
0 

and also 
h,(l) = h, (0) - ‘/a A, (0) $0) - ‘/a hs (0) Q, (t) 

P = &l(O) + ‘A A, (0) “, (t) - ‘/z A3 (0) 52, (t) (3.11) 

&2(l) = ha (0) i- ‘iz %I (0) Q, (t) - 1/Z h, (0) 52, (t) 

h(l) = 1, (0) + ‘/z %J (0) Q*(t)fV, k,(O) 62, (t) 

The values of & determined by Formulas (3.11), satisfy condition (3.7) 
If we limit ourselvks to first order terms in n,(t) and n,(t) . 

4, Using (3.10) and taking (3.3) into account, we obtain 

COS 6 = COS 0 (0) + sin ‘pO (0) sin 0 (0) 9, (t) 

sin (PO (0) sin 6 (0) + cos ~0 (0) sin 0 (0) 8, (L) - cos 0 (0) Qy (t) 
tan 00 = Cos ‘pO (0) sin 0 (0) - sin q0 (0) sit1 t) (0) Q, (t) (4.1) 

Returning to the old variables by means of (‘i.l), we have 

sin ‘p = sin 9 (0) + cos cp (0) sin 6 (0) 52, (t) 

tall0 zzz 
sin 6 (O)‘+ cos 6 (0) S&(t) - tmrp (0) Qar (t) 

cos 6 (0) - sin i? (0) Q, (t) (4.2) 

For the 14ngitude we have from the third equation of the system (1.2) 

Here cp and 
stituting their 
first estimate 

A more exact _ 

h = h (0) - ut + ( y, (t) cos 6 (2) set cp (z) dz 
0 

6 are determined by means of Expressions 
Initial values for # and cp in (4.3) we 

h = h (0) - Ut + cos 6 (0) set ‘p (0) !$ (t) 

(4.3) 

formu;? may be obtained for x by using the Rodrlgue-Ramllton 
parameters. From (3.6) we have 

(4.5) 

Using (3.11) and being limited only to first order parameters in the 
integrals of ~1, and u)~ we have 
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(4.0) 

Wl - A?% = A, (0) Al(O) - h, (0) h, (0) - &(O)&(O) + h,(O) he (0)) s,(t) 

Wz + Uz = A, (0) A3 (0) + ho (O)ha(O)+‘/, [hfj3 (0) + W(O)- W(O)- A33 (O)] Q,(t) 

W virtue of (3.6), here 

ho (0) h, (0) - ha(O) h,(O) = l/z sin 0 (0)cos q(O) 

h,(O)h, (0) + h,(O)&(O) = l/,sin 0 (0)sin q(O) 

b(O) A3 (0) + X1 (0) A, (0) = 1/a bin 7c) (0) coscp, (0) t- cos$ (0) sinq, (0) co9 0 (0)] (4.7) 

&? (0) + Al2 (0) - ,hZa (0) - 132 (0) = COs$ (0) Cos 'p. (0) - sin+ (0) sincp, (0) cos 0 (0) 

Hence 

sin f3 (0) sin* (0) + Ices* (0) COST,, (0) -sin* (0) sin cpo(0)cos 6(O)] 52, (t) (4 8) 

W ' = sin 0 (0) cos1c) (0) - [sinly (0) cos 'p. (0) + cosIp (0) sin 'p. (0) cos 8 (O)] av (t) ' 
Returning to the old variables, we finally have (4.9) 

I,= - ut+ tan-’ 
sin h(0) -+ [cos h(O)cos6 (0)seccp (0) -sin a(O) sin 6 (0) mcp(O)] 62, (t) 

cos A(0) - [sin A(O)cos6(0)seccp(O) + cos h(0)sin-6(0)t~cp(0)]Bu (t) 

5. The accuracy with which this inertial system produces the coordinates 
of the position ln the presence of errors ln the ocom ass and directional 
gyroscope readings may be estimated by means of (&), (P.3) and (4.9). In 
particular, the expressions 

my= v/R +op+r', co,=-vlRfi+o+a’ 

where a#8 and y are angles defining the position of the gyrocompass[3], 
should be taken ln the mentioned formulas for IU, and tu, when It Is neces- 
sary to take account of small gyrocompass motions (which prctlcally always 
exist). 
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